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Despite similarities between models exhibiting absorbing phase transitions (APTs) and those
showing Kardar-Parisi-Zhang (KPZ) growth, the relationship between these universal fluctuations
has remained elusive. We numerically study (1+1)-dimensional interfaces of (2+1)-dimensional mod-
els showing APTs of directed percolation (DP) and compact directed percolation (CDP) classes with
an active boundary, finding a universal crossover from short-time APT-governed fluctuations to long-
time KPZ fluctuations. Upon rescaling time and length by the APT correlation time and length, the
cumulants of the interface height distributions collapse onto a single scaling function. The fluctuation
properties of the discrete Domany-Kinzel model and the continuum stochastic Fisher-Kolmogorov-
Petrovsky-Piskunov (sFKPP) equation coincide, indicating that the KPZ growth parameters are
determined solely by fundamental properties of the APT. For the CDP sFKPP equation, a dimen-
sionless parameter tunes both the critical interface distribution and the KPZ parameters, with the
interface properties of the biased voter model recovered in a limiting case. These results uncover a
universal crossover in which KPZ fluctuations emerge from APT fluctuations at long times, linking
paradigmatic universality classes of nonequilibrium scale-invariant phenomena.

Introduction. Emergent scale invariance often leads
to universal large-scale properties of fluctuations in
nonequilibrium systems. Absorbing phase transitions
(APTs) and interface growth are representative exam-
ples of such universality [1–6], and appear in various
phenomena ranging from intermittent turbulence [7–9]
to population dynamics [10–13], which can be described
by local growth and competition. APTs, nonequilibrium
phase transitions into absorbing states from which no
transition to another state is possible [1–3], are exam-
ples where bulk scale invariance at the transition point
leads to universal scaling laws for fluctuations. Here, the
order parameter ρ(x, t) evolves in d-dimensional space
x ∈ Rd, and the system including the time axis is referred
to as (d+1)-dimensional. The directed percolation (DP)
class and the compact directed percolation (CDP) class
are known as prototypical classes for cases with a single
absorbing state and two symmetric absorbing states, re-
spectively [1, 2]. On the other hand, when active clusters
propagate and form fluctuating [(d− 1) + 1]-dimensional
interfaces [4, 14], whose height h(x, t), i.e., the coarse-

grained position of such an interface at a dimensionally
reduced spatial coordinate x ∈ Rd−1, often exhibits scale-
invariant universal fluctuations which fall in a universal-
ity class. The Kardar-Parisi-Zhang (KPZ) universality
class [3–6, 15] describes cases without special symme-
tries and conservation laws, and is found to be relevant
in various systems [3]. Although each class is by now ex-
tensively studied, whether and how the two universalities
are related has remained largely unaddressed.

A useful starting point is that several models are
known to host both universal fluctuations in different pa-
rameter regimes. One of the earliest observations dates
back at least to 1972, when Williams and Bjerknes nu-
merically studied [12] a version of the biased voter model,
a model known to show the CDP-class transition, and
discussed its connection to the Eden model in the off-
critical limit [11], which describes interface growth in the
KPZ class. Similarly, the off-critical limit of the con-
tact process [1, 2, 10], a model showing the transition
of the DP class, is identical to the Eden model [16].
Another example is the stochastic Fisher-Kolmogorov-
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Petrovsky-Piskunov (sFKPP) equation [17–22] [Eq. (1)],
which shows the DP- and CDP-class APTs [2, 17]. Inter-
face fluctuations of discrete and continuous models asso-
ciated with the (2+1)-dimensional sFKPP equation have
been studied, and it has been established [16, 22, 23]
that when the parameter is far from the critical value,
the propagating wave front shows the fluctuations of the
(1 + 1)-dimensional KPZ universality class.

In each of these examples, the two universalities live in
distinct parameter regimes of a single model: APT criti-
cality at the transition point, and KPZ interface growth
far from it. When the control parameter is close to the
critical point, one may expect an interface growth pro-
cess characterized by both APT and KPZ universality
[16]. However, no clear connection has been established
between the universal properties of APT bulk fluctua-
tions and those of the KPZ interface, nor between their
characteristic temporal and spatial scales.

In this Letter, by simulating discrete and continuum
models showing the DP- and CDP-class transitions, we
reveal that the universality of APTs imposes strong con-
straints on the interface fluctuations of the noisy traveling
waves. By rescaling length and time by the characteristic
length and time of APTs, we find a universal crossover
from a regime characterized by the APT exponents to
that associated with the KPZ scaling, interconnecting
the universal fluctuations.

Models. To investigate model-independent properties
of interface fluctuations associated with APTs, we stud-
ied discrete and continuum models showing the (2 + 1)-
dimensional DP- and CDP-class transitions. As the dis-
crete models, we employed the bond percolation [1, 2, 24]
for the DP class and the biased voter model (also called
the Williams-Bjerknes model [12]) for the CDP class,
which can be defined as a special case of the Domany-
Kinzel (DK) model [1, 2, 25] on the (2+1)-dimensional
body-centered cubic (BCC) lattice [24] (Fig. S1 [26]).
In the model, the sites ρ((i, j), t) on a square lattice
i = 0, . . . , Lx − 1, j = 0, . . . , Ly − 1 at the time t take ei-
ther the active [ρ((i, j), t) = 1] or inactive [ρ((i, j), t) = 0]
state. The transition probability is determined by the
percolation probability p and the bias ϵ in the bond per-
colation and the biased voter model, respectively, as de-
scribed in the End Matter [26].

As the continuum models, we simulated the sFKPP
equation for the (2+1)-dimensional DP and CDP classes,

∂ρ(x, t)

∂t
= D△ρ+Aρ−Bρ2 + σ

√
f(ρ)η(x, t) , (1)

where B = 1 (A = B = ϵ) and f(ρ) = ρ [f(ρ) = ρ(1 −
ρ)] for the DP (CDP, respectively) class. We used the
algorithm in Ref. [27] which ensures the nonnegativity of
the density field. In this study, we used the lattice size
∆x = 3 and timestep size ∆t = 0.25, with the system
size written as Lx∆x× Ly∆x [26].

Each model undergoes an absorbing-state phase tran-
sition at a critical parameter value [p = pc (bond per-
colation), A = Ac (DP Langevin), and ϵ = 0 (CDP
models); see Table AII and the End Matter for details
[26]]. For the bond percolation and DP Langevin equa-
tion, we defined the distance from the transition point
as ϵ := (p− pc) /pc and ϵ := (A−Ac) /Ac, respectively.
Through simulations from homogeneous initial condi-
tions, we further estimated the APT correlation time
ξ∥(ϵ) ∼ |ϵ|−ν∥ and correlation length ξ⊥(ϵ) ∼ |ϵ|−ν⊥ ,
which diverge as ϵ → 0 (Table AI; See End Matter and
Figs. S2-S9 for the detailed methods and Tables SVI and
SVII for the estimated parameters [26]).

Interface fluctuation with active boundary. We sim-
ulated the models with active walls to study the inter-
face fluctuation [Figs. 1(a) and S10(a) [26]]. Specifically,
the sites at the wall (y = 0) were always set to active
(ρ(x, t) = ρb > 0 for the Langevin equations, where ρb
is a constant), and all other sites were initially set to in-
active, after which the active region invaded [Figs. 1 and
S10 [26]]. We defined the interface as the distance be-
tween the wall and the furthest active site (a lattice site
with ρ(x, t) > ρth for the Langevin equations [18, 19])
[Figs. 1(a,b) and S10(a,b) [26]].

The spanwise-averaged density showed a crossover
from the critical-regime profile to that of a traveling wave
around t ∼ ξ∥(ϵ) [Figs. 1(c) and S10(c) [26]], confirming
that ξ∥(ϵ) is also the characteristic timescale for the inter-
face dynamics; the interface morphology and height dis-
tribution function likewise qualitatively changed around
ξ∥(ϵ) [Figs. 1(b,d) and S10(b,d) [26]].

To quantify this crossover, we calculated the cumu-

lants
〈
h(x, t)

k
〉
c
(k = 1, 2, 3, 4) for the discrete models

and found consistent behavior across ϵ values (Fig. S11
[26]). Interfaces at criticality (ϵ = 0) exhibited power-
law growth with the APT dynamic exponent

〈
hk

〉
c
∼

tk/z
(C)DP

, while for large ϵ a temporal region emerged in
which the KPZ-class exponents were observed;

〈
hk

〉
c
∼

t (k = 1) and
〈
hk

〉
c
∼ tkβ

KPZ

(k > 1), where βKPZ = 1/3
is the growth exponent for the KPZ class (Table AI [26]).
This KPZ regime appeared at progressively earlier times
as ϵ increased. These observations motivate rescaling the
height, time, and spatial coordinate by the characteristic
length and temporal scales of the APT, ξ⊥(ϵ), ξ∥(ϵ), and
ξ⊥(ϵ), respectively.

Universal crossover from APT to KPZ-class fluctua-
tion. We rescaled the height, time, and spatial coordi-
nate as

hξ(xξ, tξ) := h(x, t)/ξ⊥(ϵ), tξ := t/ξ∥(ϵ), xξ := x/ξ⊥(ϵ),
(2)

and found that the cumulants collapse onto unique
scaling functions bridging the APT and KPZ regimes
(Fig. 2). These functions show the asymptotic APT scal-
ing laws in the region tξ ≪ 1 (the short-time regime) and
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FIG. 1: Schematic and qualitative illustration of the interface growth process in the discrete models. (a) An
illustration of the height definition for the discrete models with the active boundary. (b) Example snapshots of the
active sites (black field) and the interface (red line) for the bond percolation (upper) and biased voter model (lower),
respectively. The axis label and the scale bar indicate the length rescaled by the correlation length ξ⊥(ϵ) and the
actual length, respectively. The rescaled time tξ = t/ξ∥(ϵ) is denoted in each plot. The values of ϵ are 1× 10−5,
1× 10−4 and 5× 10−3 for the bond percolation and 1× 10−6, 5× 10−5 and 5× 10−3 for the biased voter model,
respectively. (c,d) The spanwise-averaged density ⟨ρ(x, t)⟩x (left) and height probability distribution (right) for the
bond percolation (c) and biased voter model (d), respectively. The top and bottom plots are the off-critical and
critical cases, respectively. The dash-dot lines are the data at t ≈ ξ∥(ϵ). The gray lines in the off-critical
mean-density plots indicate ρ∞(ϵ) (bond percolation) and 1 (biased voter model). The black line in the left bottom

plot of (c) indicates the power law ⟨ρ(x, t)⟩x ∝ y−βDP/ν⊥ .

the KPZ scaling laws in tξ ≫ 1 (the long-time regime),
suggesting

〈
hξ(xξ, tξ)

k
〉
c
≃ gk(tξ), gk(tξ) ∼


t
k/z(C)DP

ξ (tξ ≪ 1)

tξ (tξ ≫ 1, k = 1)

tkβ
KPZ

ξ (tξ ≫ 1, k > 1).

(3)
Interfaces at criticality (ϵ = 0) exhibited the same scaling
laws as those observed in the short-time limit (Fig. S11
[26]).

The skewness Sk [hξ] :=
〈
hξ

3
〉
c
/
〈
hξ

2
〉3/2
c

and the kur-

tosis Ku [hξ] :=
〈
hξ

4
〉
c
/
〈
hξ

2
〉2
c

exhibited plateaus in
both the short- and long-time limits (Fig. 2), indicat-
ing the existence of asymptotic height distributions in
each regime. In the short-time regime, the plateau val-
ues agreed with those obtained at criticality (ϵ = 0),
where both quantities remained constant over a long
timescale (Fig. S12 [26]), suggesting that the height dis-
tribution converges to a well-defined critical distribution.
In the long-time regime, both values converged to those of
the Gaussian orthogonal ensemble Tracy–Widom (GOE-
TW) distribution, the exact solution for the KPZ class
with a flat initial condition. This convergence further
confirmed the emergence of the KPZ-class fluctuation.

Universality of height fluctuation. Comparison be-
tween the discrete models and the Langevin equations
revealed the universality of the height fluctuation across
models. At criticality (ϵ = 0), the height distributions of

the Langevin equations, rescaled by the dynamic correla-
tion length, asymptotically converged to those of the crit-
ical bond percolation, irrespective of the threshold ρth;
the cutoffs at y > 0 observed with smaller ρth or larger ρb
values decreased as time increased [Figs. 3 (left) and S13
[26]], suggesting the existence of a universal asymptotic
height distribution for models in the DP class. Similarly,
for the CDP Langevin equation, the moderate effect of
ρth disappeared in the long-time limit [Figs. 3 (right)
and S14 [26]]. At D/σ2 ≪ 1, the distribution function
overlapped with that for the biased voter model, con-
firming the universality of the critical height distribution
(Figs. A1 and S15 [26]). Interestingly, at largerD/σ2, the
asymptotic height distribution retained almost the same
shape but was shifted (Figs. A1, S14 and S15 [26]), sug-
gesting that the dimensionless parameter D/σ2, which
is marginal at d = 2 under rescaling of space and time,
has a fundamental effect on the critical height distribu-
tion even after rescaling by the diverging CDP correlation
length.

This universality extended to the off-critical regime.
For ϵ > 0, the cumulants of the Langevin equations col-
lapsed onto the same scaling functions as those of the dis-
crete models under conditions where the critical height
distributions matched (Figs. 2 and S16 [26]). For the
CDP Langevin equations, the cumulant scaling functions
depended slightly on D/σ2, further supporting the role
of D/σ2 as a fundamental parameter governing the large-
scale behavior (Fig. S17 [26]).
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FIG. 2: Cumulants and cumulant ratios of the height
distribution function for the (a) DP- and (b) CDP-class
models. The plots show the mean, variance, skewness,
and kurtosis for the rescaled height (⟨hξ⟩,

〈
hξ

2
〉
c
,

Sk [hξ] and Ku [hξ]) for the off-critical cases. The larger
unfilled and smaller filled symbols are for the discrete
models and the Langevin equations [D = 1, σ = 1,
ρb = 0.1, and ρth = 0.1 (DP) and D = 0.1, σ = 1,
ρb = 1, and ρth = 0 (CDP)], respectively. The solid and
dashed lines in the upper two plots are guides for the
eye for the APT and KPZ exponents (see the main
text), respectively. The dashed lines in the lower two
plots show the theoretical values for the GOE-TW
distribution, χ1.

KPZ growth with universal parameters. In the KPZ
regime, the asymptotic height is described by

hξ(xξ, tξ) ≃ v∞tξ + (Γtξ)
βKPZ

χ(X) (tξ → ∞), (4)

with X := xξ/ξ
KPZ(tξ) and ξKPZ(tξ) := 2

A (Γtξ)
1/zKPZ

,
where zKPZ = 3/2 is the dynamical exponent for the
KPZ class (Table AI [26]), χ(X) is the universal stochas-
tic variable, and v∞, Γ, and A are system-dependent pa-
rameters [6, 28, 29]. These parameters can be estimated
from the height cumulants following standard methods
[6, 30, 31] (See the End Matter [26]).

Owing to the universality of the height fluctuation
scaled by the APT correlation time and length, we ex-
pect these parameter values to be universal, in the sense
that they only depend on the fundamental properties of
the APT irrespective of the system details. We found
that the estimated parameters for the bond percolation
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FIG. 3: The critical height distribution for the (left)
DP-class and (right) CDP-class models. Data for the
discrete models (black solid lines) and the Langevin
equations [ρb = 0.1 for the left and ρb = 1 for the right]
are shown. The dashed and solid curves show the data
at t = 1× 104 and t = 1× 105, respectively.

and DP Langevin equation indeed agree within the un-
certainties, supporting the idea of KPZ growth with uni-
versal parameters (Fig. S18 and Tables AIII and SVIII
[26]). For the CDP models, in accordance with the ob-
servation that the critical height distribution depends on
the dimensionless parameter D/σ2, the KPZ parameters
were also dependent on D/σ2 for the Langevin equation
and agreed with those for the biased voter model with
small D/σ2, suggesting its universality (Fig. S18 and Ta-
ble SVIII [26]). In the original scale of h(x, t), the pa-
rameters, denoted by v′∞, Γ′, and A′, follow

v′∞ = v∞
ξ∥(ϵ)

ξ⊥(ϵ)
, Γ′ = Γ

ξ⊥(ϵ)
3

ξ∥(ϵ)
, A′ = Aξ⊥(ϵ), (5)

which leads to the power laws for the KPZ parameters
v′∞ ∼ ϵν⊥−ν∥ , Γ′ ∼ ϵν∥−3ν⊥ , and A′ ∼ ϵ−ν⊥ .
When rescaled by the dynamical correlation length

ξdyn (t) in the short-time regime and by the KPZ param-

eters as
hξ(xξ,tξ)−v∞tξ

(Γtξ)
1/3 in the long-time regime [Eq. (4)],

the height distributions collapsed onto unique curves in
both limits (Figs. S19 and S20 [26]). In the short-time
regime, the height histograms converged to that of the
critical interfaces (ϵ = 0). In the long-time regime,
the height distribution agreed with the exact solution
for the KPZ class with the flat initial condition, the
GOE-TW distribution. We also found consistent be-
havior for the height spatial covariance Cs,int(l, tξ) :=
Cov[hξ(xξ + l, tξ), hξ(xξ, tξ)] (End Matter; Figs. S21 and
S22 [26]).
Discussion and conclusion. We investigated the fluc-

tuations of interfaces defined by the farthest active sites
from the active boundary in the models exhibiting APTs
of the DP and CDP classes. By rescaling the spatial
and temporal scales by the APT correlation length and
time, respectively, we found a universal crossover from
height fluctuations characterized by the APT dynamical
correlation length and the statistical properties of the
critical interfaces to those of the KPZ class. The scaling
function was found to be robust, with its long-time limit
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independent of the model details and of the threshold
ρth used to define the interface in the Langevin cases.
The result suggests that one can predict the statistical
properties of the interfaces solely from the bulk correla-
tion length and time, and conversely that properties of
the critical fluctuation in the bulk can be inferred from
the evolution of the interface fluctuation. Interestingly,
for the CDP Langevin equation, the dimensionless pa-
rameter D/σ2 tuned both the critical fluctuation prop-
erties and the KPZ-interface parameters. The results
showed agreement with the biased voter model in the
limit D/σ2 → 0.

Our results show that the KPZ fluctuation emerges
from APT fluctuations in the long-time limit. It would
be interesting to explore whether this crossover scenario
of “nested” universal fluctuations can be generalized to
other classes of APTs [1, 2]. Furthermore, understanding
the circumstances that determine the interface fluctua-
tion would be important, given that the interface fluc-
tuations associated with the Ginzburg-Landau equation
have been reported to exhibit Edwards-Wilkinson-class
fluctuations [32]. The effect of noise in the sFKPP equa-
tion has been extensively studied [22], and a unified un-
derstanding bridging our results with those obtained in
its strong-noise limit [33] would be another interesting
direction. Another open question is whether the critical
APT-associated interface fluctuation shows geometry de-
pendence analogous to that of the KPZ class [5, 6, 28, 34].

Experimental realizations in phenomena associated
with APTs [3, 9, 35] or in neighbor interactions anal-
ogous to the voter model [36] would also be valuable
to pursue. Notably, the DP-class APT and the KPZ-
class interface growth have both been experimentally ob-
served in similar setups of liquid crystal electroconvection
[3, 29, 35], making this system a promising candidate to
probe the crossover predicted here. The KPZ growth
with universal parameters is expected at temporal and
spatial scales t and l satisfying tmicro ≪ ξ∥(ϵ) ≪ t and
lmicro ≪ ξ⊥(ϵ) ≪ l, where tmicro and lmicro denote the mi-
croscopic time and length scales of the dynamics. This
regime is accessible, for example, in the DSM1–DSM2
transition of electroconvecting liquid crystals [35], for
which the APT correlation time and length, ξ∥(ϵ) ≈ 5 s
and ξ⊥(ϵ) ≈ 100 µm at ϵ = 10−2, lie below the typical
experimental observation windows [37].
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END MATTER

TABLE AI: Values of universal exponents [1, 2]. For
the DP class, we used the values estimated in Ref. [24].

Name βDP νDP
∥ νDP

⊥ βCDP β′CDP
νCDP
∥ νCDP

⊥

Value 0.580(4) 1.287(2) 0.729(1) 0 1 1 1/2

TABLE AII: Values of the critical parameters for the
DP models. For the bond percolation, we used the
values estimated in [24].

Model Bond percolation DP Langevin

Name pc Ac

Value 0.28733837(2) 0.181358(4)

TABLE AIII: Estimated parameters of the KPZ class
in the long-time regime (excerpt). For the Langevin
equations, the data for D = 1, σ = 1, ρb = 0.1 (DP) and
D = 0.1, σ = 1, ρb = 1 (CDP) are shown, respectively.
The “Value” column indicates the value estimated with
the values of the APT nonuniversal parameters shown
in Table SVI and SVII, and the “Max” and “Min”
columns indicate the maximum and minimum values
obtained by varying the APT nonuniversal parameters
within the uncertainties, respectively. In the “Value”
column, the statistical uncertainties are shown in
parentheses. The full table is shown in Table SVIII [26].
The values are also shown in Fig. S18 [26] as a plot.

v∞ Γ
model Value Max Min Value Max Min

Bond percolation 2.756(3) 2.894 2.627 14.2(1) 16.8 12.1

DP Langevin 2.84(1) 3.00 2.70 15.1(5) 18.5 12.5

Biased voter 0.539(3) 0.557 0.523 0.132(3) 0.150 0.120

CDP Langevin 0.535(1) 0.561 0.510 0.146(3) 0.179 0.125

Transition probability for discrete models

In the discrete models, ρ((i, j), t + 1) becomes active
with the probability pk, where k is the number of con-
nected active sites at the previous step [40] (Fig. S1 [26]).
For the bond percolation model, we set pk = 1− (1− p)k

where p is the probability with which the active states
propagate [2, 24]. For the biased voter model, we em-
ployed a parallel-update version in which the two halves
of the sites are alternately updated in a checkerboard
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FIG. A1: The critical height distribution for the
CDP-class models with different D/σ2 values. Full data
are shown in Fig. S15.

pattern [26]. The site state changes to that of a ran-
domly chosen nearest-neighbor site selected with biased
probabilities (1 + ϵ

2 ) (active site) and (1 − ϵ
2 ) (inactive

site), which leads to pk = (2+ϵ)k
8+2ϵ(k−2) [26].

Nonuniversal parameter estimation

Simulation with homogeneous initial condition

We estimated the model-dependent nonuniversal pa-
rameters for APTs by performing simulations with ho-
mogeneous initial conditions. The initial conditions were
set as (a1 ) the all-active initial condition for the bond
percolation, (a2 ) the random initial condition for the
biased voter model where each site is independently
set to active or inactive with probability 1/2, and (b)
ρ(x, t) = ρinit = 10(DP), 0.5(CDP) for the Langevin
equation. The estimated parameters are summarized in
Table SVI and SVII.

Critical parameters of DP models

The bond percolation model showed the transition at
the critical value of p estimated in Ref. [24] [Table AII,
Fig. S2 (a,b) [26]]. For the DP Langevin equation, we
estimated the critical value by finding a value of A with
which the mean order parameter ⟨ρ(x, t)⟩ decays alge-

braically as ∼ t−βDP/νDP
∥ in a simulation with a homo-

geneous initial condition [26], where βDP and νDP
∥ are

universal exponents for the DP class [Table AI, Table
AII; Fig. S2 (c-e) [26]].

Characteristic timescales

For the DP models, we estimated the correlation time
ξ∥(ϵ) by fitting the decay of the mean order parameter to

∝ exp
[
−t/ξ∥(ϵ)

]
, and then extracted t0 from the scaling

form ξ∥(ϵ) := t0ϵ
−νDP

∥ . The stationary density ρ∞(ϵ) was
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obtained from the long-time value of ⟨ρ(x, t)⟩ for ϵ > 0
[26]. Rescaling t and ρ(x, t) by ξ∥(ϵ) and ρ∞(ϵ), respec-
tively, produced a scaling collapse of ⟨ρ(x, t)⟩ (Fig. S3
[26]).

For the CDP models, we first fitted an exponential
function Ct0 exp

[
−t/ξ∥(ϵ)

]
to the tail of the mean den-

sity 1 − ⟨ρ(x, t)⟩ for ϵ > 0, where Ct0 is a constant that
depends on the value of ϵ and ξ∥(ϵ) is the correlation
time. By plotting the values of ξ∥(ϵ) against ϵ, we no-
ticed a linear relationship between ξ∥(ϵ)ϵ and log ξ∥(ϵ),
in agreement with the theoretical expectation [41]. We
then fitted a linear function to those values for the pa-
rameters shown in Fig. S4 to estimate the parameters
C1 and C2 for the relationship ϵξ∥(ϵ) = C1 + C2 ln ξ∥(ϵ),
which are used to calculate the correlation time for gen-

eral ϵ as ξ∥(ϵ) = −C2

ϵ W−1

[
− ϵ

C2
exp

(
−C1

C2

)]
, where W−1

is the lower branch of the Lambert W function [26]. The
estimated parameters are summarized in Table SVII and
Fig. S5 [26]. Interestingly, we found that the value of C2

depends on the dimensionless parameter D/σ2 (Fig. S5
[26]). Rescaling the mean density by the estimated corre-
lation time collapsed the data for different ϵ values onto
a single curve (Fig. S6 [26]).

Characteristic length scales

We then estimated the correlation length ξ⊥(ϵ) as fol-
lows. For the DP models, we fitted an empirical function
[2, 37]

C̃(l̂) = Cs0 l̂
−(βDP/νDP

⊥ )e−l̂, (A1)

where l̂ := l/ξ⊥(ϵ) and ξ⊥(ϵ) := x0ϵ
−νDP

⊥ , to the station-

ary rescaled spatial covariance Cs(l, t ≫ ξ∥(ϵ))/ρ∞(ϵ)
2
,

where Cs(l, t) := Cov[ρ (x+ le, t) , ρ(x, t)], Cov[A,B] is
the covariance between A and B, and e is a unit vector
(Fig. S7 [26]).

For the CDP models, we defined the correlation length
using the dynamic correlation length at criticality (ϵ =
0), because the stationary state is trivial unless ϵ = 0.
Specifically, we fitted the scaled exact solution [42, 43]

Cdyn [ln(t/t
′
0)]

−1
Ei1

[
l2/ξdyn (t)

2
]
, (A2)

where Ei1(x) :=
∫∞
x

w−1e−wdw, ξdyn (t) := (D′t)
1/zCDP

,
and zCDP := νCDP

∥ /νCDP
⊥ = 2 to the spatial covari-

ance Cs(l, t) at criticality to find the dynamic correlation
length ξdyn (t), and then defined the correlation length
by ξ⊥(ϵ) := ξdyn

(
ξ∥(ϵ)

)
(Figs. S8 and S9 [26]). The

Cs(l, t) rescaled by the scaling ansatz agreed with the ex-
act function with the maximum deviation ≈ 0.5 (Fig. S8
[26]). We found that D′ depends roughly linearly on D
as D′ ≈ 7.7(1)×D (Fig. S9 [26]).

Parameter estimation for the KPZ interfaces in the
long-time limit

We estimated the parameters for the KPZ interfaces
following a standard method [6, 30, 31]. In short, we

fitted a linear function to
〈

∂hξ

∂tξ

〉
versus t

−2/3
ξ to estimate

v∞ from the intercept, and similarly fitted t
−2/3
ξ

〈
hξ

2
〉
c

versus t
−2/3
ξ to estimate Γ from the intercept, assuming

that χ in Eq. (4) follows the GOE-TW distribution. We

then calculated A using Γ = A2v∞
2 [6]. The estimated

parameters are summarized in Fig. S18 and Table SVIII
[26]. The data for t > 5 × 103 were used for the fitting,
and the fitting was not attempted if there were fewer
than 10 data points in the fitting range.

Specifically, for the v∞ estimation, we approximated

the derivative
〈

∂hξ

∂tξ

〉
by the finite difference of the mean

height ⟨hξ⟩ at tξ and tξ +∆tξ with ∆tξ < 0.38× tξ. The
value of v∞ was estimated by fitting a linear function

to the values
〈

∂hξ

∂tξ

〉
with respect to t

−2/3
ξ in the range

(0, w) and taking the value of the intercept. The value of
w varied from 0.15 to 0.2, and the overall uncertainty was
derived from the combined statistical uncertainty ranges.
We estimated the value of Γ by fitting a linear function

to t
−2/3
ξ

〈
hξ

2
〉
c
versus t

−2/3
ξ in the range (0, w′) and cal-

culating (B/
〈
χ1

2
〉
c
)3/2, where B is the intercept value

and χ1 is the random variable following the Gaussian or-
thogonal ensemble Tracy–Widom distribution [30]. The
value of w′ was varied from 0.15 to 0.2 (from 0.4 to 0.6) in
the DP (CDP) models, respectively, and the overall un-
certainty was derived from the combined statistical un-
certainty ranges.

Height spatial covariance

We observed a data collapse upon rescaling Cs,int(l, tξ)
and l by the APT dynamical correlation length in the
short-time regime, and by the KPZ-class fluctuation am-
plitude and correlation length in the long-time regime.
In the long-time limit, the values agreed with those of
the exact solution for the KPZ class with flat initial
conditions, the Airy1 covariance. The Langevin equa-
tions showed the same behavior as the discrete models
(Figs. S21 and S22 [26]).
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SUPPLEMENTARY TEXT 1: DOMANY-KINZEL MODEL AND BIASED VOTER MODEL

We implemented a parallel-update biased voter model as a variant of the Domany-Kinzel (DK) model as follows. We
considered two square lattices arranged in a checkerboard pattern (white and gray sites in Fig. S1). In each timestep,
we alternately selected the sites on one of the two lattices and updated each site’s state to that of a stochastically
chosen nearest-neighbor site on the other lattice. We set the probabilities of choosing an active and an inactive site,
p+ and p−, respectively, so that they satisfy p+ : p− = (1 + ϵ

2 ) : (1−
ϵ
2 ), thus

p± =
2± ϵ

8 + 2ϵ (k − 2)
, (S1)

where k is the number of nearest-neighbor active sites. In terms of the Domany-Kinzel model, this corresponds to
choosing pk to be

pk =
(2 + ϵ) k

8 + 2ϵ (k − 2)
. (S2)

SUPPLEMENTARY TEXT 2: NUMERICAL SIMULATION OF LANGEVIN EQUATIONS

We simulated the Langevin equation

∂ρ(x, t)

∂t
= D△ρ+Aρ−Bρ2 + σ

√
f(ρ)η(x, t) (1)

using the scheme of Ref. [S1] summarized as follows. First, we approximated the spatial derivative by finite differences
to obtain

d

dt
ρi,j(t) = D△ρi,j +Aρi,j −Bρ2i,j +

σ

∆x

√
f(ρi,j)ηi,j(t) (S3)



2

where

ρi,j(t) := ρ ((i∆x, j∆x) , t) , (S4)

△ρi,j(t) := αi,j −
4ρi,j(t)

(∆x)2
, (S5)

αi,j := (∆x)−2
∑

k=−1,1
l=−1,1

ρi+k,j+l(t) (S6)

and ηi,j(t) is a white Gaussian noise satisfying ⟨ηi,j(t)⟩ = 0, ⟨ηi′,j′(t′)ηi,j(t)⟩ = δi′,iδj′,jδ(t
′ − t). The prefactor 1

∆x in
the last term is chosen so that the stochastic term has the same distribution as the spatially averaged noise term of

the continuous version, 1
(∆x)2

∫ x+∆x

x
dx′ ∫ y+∆x

y
dy′η(x′, y′, t).

Regarding the time discretization, it is known that a näıve Euler-type scheme, which approximates the noise term
by a Gaussian random variable, is inappropriate because it can violate the non-negativity condition ρ(x, y, t) ≥ 0, a
crucial property of the solution of the directed percolation (DP) Langevin equation.

To avoid this problem, we used the scheme proposed in Ref. [S1], which is an operator splitting method [S2] that
splits the terms into groups, each of which can be treated exactly, and integrates the terms group by group. The steps
for a single timestep ∆t are as follows:

1. In Eq. (S3), we first integrate the terms D△ρi,j + Aρi,j + σ
∆x

√
f(ρi,j)ηi,j(t) by integrating the stochastic

differential equation (SDE)

d

dt
ρ(t) = βρ+ α̃+ σ̃

√
f(ρ)ηi,j(t) (S7)

with the initial condition ρ(0) = ρi,j(t) for the timestep ∆t, where α̃ := Dαi,j is treated as a constant, σ̃ := σ
∆x ,

and β := A− 4D
(∆x)2 .

• For the DP Langevin equation (f(ρ) = ρ), this step is conducted by using the exact solution for the
Fokker-Plank equation of the SDE [Eq. (S7)], which leads to the expression for ρ∗ := ρ(∆t) [S1]:

ρ∗ = Gamma [µ+ 1 + Poisson [λωρ(0)]] /λ (S8)

where Gamma [z] is a random variable following the gamma distribution with the shape parameter z and
the scale parameter 1, Poisson [w] is a random variable following the Poisson distribution with the mean

w, µ := −1 + 2α̃
σ̃2 = −1 +

2Dαi,j(∆x)2

σ2 , λ := 2β
σ̃2(ω−1) =

2β(∆x)2

σ2(ω−1) and ω := eβt.

• For the compact directed percolation (CDP) Langevin equation (f(ρ) = ρ(1 − ρ)), we approximate the
term

√
ρ(1− ρ) by {√

ρ (ρ < 1
2 )√

1− ρ (ρ > 1
2 ),

(S9)

following [S1], and use the same scheme as the DP case. If ρ exactly equals 1
2 within the numerical precision,

either branch of Eq. (S9) is chosen randomly.

2. We then integrate the remaining part −Bρ2i,j for the timestep ∆t by solving dtρ(t) = −Bρ2 with the initial
condition ρ(0) = ρ∗ to obtain

ρi,j(t+∆t) = ρ(∆t) =
ρ∗

1 + ρ∗B∆t
. (S10)

It has been shown that this algorithm preserves the non-negativity of the solution [S1].

Supplementary Text 3: Details of nonuniversal parameter estimation

Stationary density of the DP models

To estimate ρ∞(ϵ) for the DP models, we defined a timescale tstat substantially longer than the correlation time, and
then calculated the average of ρ(x, t) for t > tstat, which we denote by ⟨ρ(x, t)⟩t>tstat

. We varied tstat from 10× ξ∥(ϵ)
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to 20 × ξ∥(ϵ), deriving the overall uncertainty by combining the statistical uncertainty ranges (2 × standard error)
over these intervals.

For the bond percolation model, we averaged the values of ρ̃ for ϵ ≤ 0.01 to estimate ρ∞. For the DP Langevin
equation, we empirically fitted a linear function to the values. The estimated parameters are summarized in Table
SVI.

Characteristic length scale of the DP models

To estimate the characteristic length x0 for the DP models, we fitted the empirical function Al̃−βDP/νDP
⊥ e−l̃/x0

to the values of Cs(l, t = tmax)/ρ∞(ϵ)
2
, where l̃ := l/ϵ−νDP

⊥ , A is a model-dependent constant, and tmax is
the maximum t value indicated in Table SI. The fitting was performed by the Levenberg-Marquardt algorithm
[scipy.optimize.curve fit function in the scipy package (version 1.10.1)] with the initial guess A = 0.03 and

x0 = 1 and the maximum function evaluation maxfev=1000000. The universal parameter Cs0 = Ax
β/ν⊥
0 was esti-

mated to be 0.61(7). The estimated parameters are summarized in Table SVI, and the fitted function is shown in
Fig. S7.
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SUPPLEMENTAL TABLES

TABLE SI: (Attached as a separate file.) Parameters
for the quench simulations of the DP-class models for
Figs. S2, S3, and S7. All simulations of the directed
percolation were conducted with Lx = Ly = 16384. All
simulations of the Langevin equation were conducted
with Lx = Ly = 8192, D = 1, and σ = 1. All
simulations were conducted with the double-precision
float.

TABLE SII: (Attached as a separate file.) Parameters
for the quench simulations of the CDP-class models for
Figs. S4, S5, S6. All simulations of the biased voter
model and Langevin equation were conducted with
Lx = Ly = 32768 and Lx = Ly = 8192, respectively,
with the double-precision float.

TABLE SIII: (Attached as a separate file.) The
parameters for the quench simulations of the CDP-class
models at criticality (ϵ = 0) for Figs. S8 and S9. All
simulations of the biased voter model and Langevin
equation were conducted with Lx = Ly = 16384 and
Lx = Ly = 8192, respectively, with the double-precision
float.

TABLE SIV: (Attached as a separate file) Parameters
for the simulation of DP-class models with the active
wall. All Langevin simulations were conducted with
D = 1 and σ = 1 with the single-precision float.

TABLE SV: (Attached as a separate file) Parameters
for the simulation of CDP-class models with the active
wall. All Langevin simulations were conducted with
ρb = 1 with the single-precision float.

TABLE SVI: Estimated nonuniversal parameters for
the DP models. The uncertainties were derived by
combining uncertainty ranges of the fitting parameters
estimated for different fitting ranges, estimated values
of the critical parameter, and the exponent values.

name t0 ρ0 x0

Bond percolation 0.463(6) 1.642(5) 0.21(1)
DP Langevin 6.97(5) 0.1684(5) +0.17(1)ϵ 1.71(8)

TABLE SVII: Estimated nonuniversal parameters for
the CDP models. The values of t′0 were omitted due to
their large uncertainties. The uncertainties were derived
by combining the uncertainties of the fitting parameters
estimated for different fitting ranges.

model D σ C1 C2 D′ Cdyn

Biased voter – – 0.66(2) 0.150(3) 2.13(5) 0.18(6)

CDP
Langevin

0.1 1 1.3(4) 0.54(4) 0.85(1) 0.21(4)
0.25 0.5 1.0(1) 0.07(2) 2.03(2) 0.10(1)
0.25 1 1.3(3) 0.22(4) 2.09(2) 0.16(3)
0.25 2 1.7(7) 1.1(1) 2.05(5) 0.19(9)
0.5 1 1.2(1) 0.13(2) 4.0(3) 0.13(4)
0.5 1.414214 1.2(3) 0.29(5) 4.0(1) 0.15(9)
1 1 1.13(9) 0.07(1) 7.7(1) 0.10(3)
2 1 1.14(7) 0.04(1) 14.5(5) 0.080(4)



5

TABLE SVIII: Estimated parameters of the KPZ class in the long-time regime (full table). The meaning of the
column values is denoted in the caption of AIII. The values are also shown in Fig. S18.

v∞ Γ
model D σ ρb Value Max Min Value Max Min

Bond percolation – – – 2.756(3) 2.894 2.627 14.2(1) 16.8 12.1

DP Langevin 1 1 0.1 2.84(1) 3.00 2.70 15.1(5) 18.5 12.5
1 2.83(1) 2.99 2.68 16(1) 21 12
10 2.825(3) 2.968 2.694 15.6(4) 18.8 12.9

Biased voter – – – 0.540(3) 0.556 0.524 0.132(3) 0.149 0.121

CDP Langevin 0.1 1 1 0.535(1) 0.561 0.510 0.146(3) 0.179 0.125
0.25 0.5 1 0.5865(3) 0.6207 0.5543 0.088(2) 0.108 0.068

1 1 0.5471(4) 0.5906 0.5090 0.124(3) 0.169 0.092
2 1 0.560(4) 0.606 0.519 0.149(3) 0.198 0.119

0.5 1 1 0.573(3) 0.616 0.537 0.102(2) 0.128 0.083
1.414214 1 0.579(8) 0.655 0.521 0.128(2) 0.170 0.095

1 1 1 0.592(3) 0.623 0.557 0.089(3) 0.106 0.070
2 1 1 0.615(1) 0.648 0.588 0.069(3) 0.086 0.054
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SUPPLEMENTAL FIGURES

FIG. S1: An illustration of the lattice configuration of
the two-dimensional Domany-Kinzel model. The white
and gray circles indicate the lattice sites updated at the
odd and even timesteps, respectively. The top-left site
corresponds to (i, j) = (0, 0) for both lattices. The
arrows indicate the four nearest-neighbor sites that
contribute to the center site (see main text). Periodic
boundary conditions are omitted from the illustration.
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FIG. S2: The mean value of ρ(x, t) for the quench
simulations of (a,b) the bond percolation model and
(c-e) the DP Langevin equation. (a,c) The original
values ⟨ρ(x, t)⟩ against time t. Each line corresponds to
a simulation with the control parameter listed in Table
SI. The gray arrow indicates the direction in which the
control parameter increases. The black line is a guide
for the eye with the exponent t−αDP

, where
αDP = βDP/νDP

∥ . (d) The values rescaled to

compensate for the expected power law t−αDP

. The
control parameter values are shown in the legend. All
simulations used 40 independent samples, D = 1, σ = 1,
and Lx = Ly = 8192. The critical point and its
uncertainty were estimated by identifying the parameter
range over which the values do not significantly increase
or decrease. (b,e) Scaling collapse using the estimated
transition-point values. The colors are the same as
those used in (a,d).
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FIG. S10: Schematic and qualitative illustration of the interface growth process in the Langevin equation. (a) An
illustration of the height definition with the active boundary. (b) Example snapshots of the active sites and the
interface (red line) for the DP (upper) and CDP (lower) Langevin equations. The axis label and scale bar indicate
the length rescaled by the correlation length ξ⊥(ϵ) and the actual length, respectively. The values of ϵ and the
rescaled time tξ = t/ξ∥(ϵ) are indicated in each plot. (c,d) The spanwise-averaged density ⟨ρ(x, t)⟩x (left) and the
height probability distribution (right) for the DP (c) and CDP (d) Langevin equations. The top and bottom plots
are the off-critical and critical cases, respectively. The dash-dot lines show the data at the correlation time t ≈ ξ∥(ϵ).
The gray lines in the off-critical mean-density plots indicate ρ∞(ϵ) (DP) and 1 (CDP). The black line in the inset of

the left plot is a guide for the eye for the power law ⟨ρ(x, t)⟩x ∝ y−βDP/ν⊥ . For (b–d), parameters are set to
D = σ = 1, ρb = 0.1, and ρth = 0.1 for the DP model, and D = 0.1, σ = 1.0, ρb = 1, and ρth = 0 for the CDP model.
The other parameters are summarized in Tables SIV and SV.
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(k = 1, 2, 3, 4) plotted against the raw time t for the (a)
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dashed lines are guides for the eye for the APT and
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Parameters are set to D = σ = 1, ρb = 0.1, and
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parameters are summarized in Tables SIV and SV.
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The parameters used in the simulations are summarized in Tables SIV and SV.
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FIG. S19: Height distributions for the DP models, plotted at different tξ. The black solid lines indicate the data for
the critical case (left plots) and the exact solution for flat KPZ interfaces (right plots) [S4], respectively. The
parameters used in the simulations are summarized in Tables SIV and SV.
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FIG. S20: Height distributions for the CDP models, plotted at different tξ. The black solid lines indicate the data
for the critical case (left plots) and the exact solution for flat KPZ interfaces (right plots) [S4], respectively. The
parameters used in the simulations are summarized in Tables SIV and SV.
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FIG. S21: Height spatial covariance for the DP models, plotted at different tξ. The black solid lines indicate the
data for the critical case (left plots) and the exact solution for flat KPZ interfaces (right plots) [S5], respectively.
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FIG. S22: Height spatial covariance for the CDP models, plotted at different tξ. The black solid lines indicate the
data for the critical case (left plots) and the exact solution for flat KPZ interfaces (right plots) [S5], respectively.
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